We present and study a conformally coupled dark energy model, characterised by an interaction between a tachyon field φ, with an inverse square potential V (φ), and the matter sector. A detailed analysis of the cosmological outcome reveals different possibilities, in contrast with the previously studied uncoupled model, for which there exists only one stable critical point that gives late time acceleration of the Universe. The introduction of the coupling translates into an energy exchange between the fluids. We find the interesting possibility of the emergence of a new fixed point, which is a scaling solution and an attractor of the system. In this case, it is possible to describe an everlasting Universe with Ω φ 0.7, therefore alleviating the cosmic coincidence problem. However we find that, in order for the evolution to be cosmologically viable, there is the need of introducing one uncoupled matter species, dominant at early times. arXiv:1903.06028v1 [gr-qc] 
I. INTRODUCTION
The discovery of the accelerated expansion of the Universe by the Supernova Cosmology Project [1] and the High-z Supernova Search Team [2] in 1998 made drastic changes regarding our knowledge of the Universe. Based on several cosmological observations [3, 4] , it is very well established that the Universe is currently undergoing a period of accelerated expansion. These results indicate that there seems to exist an unknown source of energy/matter component, which happens to be the most abundant among the known constituents of the Universe. Such an energy source would need to have an equation of state (EoS) parameter characterised by an effective negative pressure in order to explain the observations and is generally classified under the broad heading of Dark Energy (DE) [5] .
The simplest model of dark energy is represented by the cosmological constant Λ, related to a cosmological source with a constant EoS parameter w Λ = −1 and is called ΛCDM model [6, 7] . CDM stands for a cold dark matter [8, 9] component, needed to explain the measurements of the rotation curves of galaxies, which are not in agreement with the theoretical predictions based on Newtonian mechanics [10] . However, according to the standard ΛCDM model, the Universe at the present day appears to be extremely fine tuned, as this cosmological constant seems to have begun dominating the universal energy at a very specific moment. This is known as the Cosmic Coincidence Problem and stands for one of the various conceptual problems related to the ΛCDM model [11] [12] [13] . In attempts to avoid these problems, the cosmological constant is often generalised to a dynamical scalar field, whose time evolution could more naturally result in the energy density observed today [14, 15] .
Scalar field based theories of dark energy are most commonly described by a canonical scalar field φ, the quintessence field [16] [17] [18] [19] [20] [21] [22] [23] [24] . This is the simplest scalar field scenario, corresponding to a consistent Field The-ory generalisation of the classical non-relativistic particle framework, characterised by a Lagrangian density of the form:
Analogously, one could look for a natural scalar field generalisation of the Lagrangian for a relativistic particle. As addressed in [25] , this can be written as
where the field φ is now termed the tachyon field. This relativistic approach includes the description of massless particles with a bounded well defined (relativistic) energy. Also, it is possible to treat the mass as a function of the scalar field [26] , through V (φ).
The tachyon scalar field is widely studied in the context of string theory, due to its crucial role in the Dirac-Born-Infeld (DBI) action, used to describe the D-brane action [27] [28] [29] [30] [31] . Tachyons were originally proposed as hypothetical particles which could travel faster than light. However, in the context of Field Theory, this has acquired new meaning and tachyons are associated with the description of quantum states with negative mass squared. This translates into a vacuum instability which is represented by the negative sign in (2) . The potential is initially at a local maximum, that is, the field is very precisely balanced at the top of the potential and any small perturbation will destabilise the system and cause the field to roll towards the local minimum. By virtue of this process the quanta become well-defined particles with a positive, real-valued mass. It has been shown that, in certain dynamical regimes (while not in general), an equivalence can be made between the tachyonic (2) and quintessence Lagrangians (1) [32] . One interesting feature is the fact that, regardless of the form of the potential, the equation of state parameter of the tachyon field is constrained to range between −1 and 0 and, therefore, phantom-like behaviour is not allowed for a tachyon field, with the Lagrangian density given in (2) .
It has already been shown that tachyons could play a useful role in cosmology [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] . Tachyons as the source of dark energy have also been the focus of many studies [48] [49] [50] . In [51] a complete dynamical study of a dark energy scenario in the presence of a tachyon field and a barotropic perfect fluid for specific forms of the potential was performed. This was also done in [52] for a general form of the potential. For the tachyon field, the simplest case corresponds to the inverse square potential, which was studied with dynamical system techniques, for example, in [51, 53] . Other forms for the potential were considered in [54, 55] .
The simplest dynamical DE models assume that the scalar field does not couple to the other matter forms. Taking purely phenomenological arguments, there is no reason to believe that this should be the case. Consequently, the simplest extension is to assume that the field is allowed to couple non-minimally to the matter sector (usually to the dark matter fluid) [56] [57] [58] . From a dynamical systems point of view, the advantage of introducing interacting dark energy models is the prospect of obtaining new scaling solutions, in which the DE field shares with the matter sector a constant, non-vanishing fraction of the total energy density. The emergence of these solutions is a valuable feature of any model, as they can be employed in order to alleviate the coincidence problem. The possibility of an interactive dark energy scalar field coupled to a matter component and its respective cosmological consequences were seminally discussed in [57] [58] [59] [60] . The so-called coupled quintessence models were first introduced and analysed in [61, 62] as an extension of non-minimally coupled theories [63] . A variety of different models were soon proposed and are distinguishable by the form of the coupling [64] [65] [66] [67] [68] [69] [70] [71] [72] [73] [74] [75] [76] [77] [78] [79] . Coupled tachyonic models have also been considered for different coupling functions [80] [81] [82] [83] [84] [85] [86] .
Most commonly, the coupling function is taken to depend upon parameters of the model such as the Hubble rate H, the scale factor a, the fluid and/or field's energy density ρ, the field φ and/or its derivatives, and is imposed at the level of the field equations, with its cosmological implications being studied afterwards. However, the coupling could be more naturally generated. One way to introduce a non-trivial coupling between the scalar field and matter, is to envision that matter particles follow geodesics defined with respect to a transformed metric g µν which is related to the gravitational metric g µν by means of a conformal transformation, casting the interaction into a Lagrangian description [87] .
In this work we propose a tachyonic dark energy model in which the DE field is allowed to couple to the matter sector by means of a conformal transformation of the metric. The evolution of the DE scalar field under this model is characterised by an inverse square potential and a power-law coupling function. We study how the intro-duction of the coupling affects the dynamics of the model and the corresponding cosmological outcome, in comparison with the previously studied uncoupled tachyonic dark energy model [48, 51, 52] . In the latter, there exists only one stable critical point capable of describing the late time acceleration of the Universe, corresponding to a totally dark energy dominated future configuration. The conformally coupled model, by contrast, provides a scaling solution, allowing for different regimes [88] . Based on the dynamical analysis, we conclude that this model is capable of reproducing the cosmic history of the Universe.
The paper is structured as follows: in Sections II and III the cosmological model is introduced and the background equations are derived for a spatially flat FLRW Universe. Then, in Section IV, we derive the equations of motion in terms of some convenient dynamical variables. Additionally, we provide a detailed study of the evolution of the system, as a function of the parameters. This allows for the investigation of viable cosmologies and for a detailed analysis of the cosmological predictions of the model, in direct comparison with the purely uncoupled case. This study is summarised in Section VI. Additionally, in Section V we comment on the interpretation of the presence of the coupling as a contribution to an effective potential for the theory. Finally we conclude in Section VII.
II. THE MODEL
Let us consider a four-dimensional spacetime manifold M endowed with a metric g µν . We are interested in studying how a conformal coupling between dark energy and matter can affect the dynamics of the Universe. To do so, from now on we assume the possibility of having conformal transformations of the metric from the Einstein frame to the Jordan frame
where C i (φ) are the conformal coupling functions and a tilde denotes quantities in the Jordan frame. Hereafter we will simply write C i ≡ C i (φ). We find
for the inverse of the conformal metric (3) and
for the determinant of the metric. We suppose that the field φ in the conformal transformation (3) is the one portraying dark energy and therefore the coupling between matter and dark energy is fully accounted for if we consider that the gravitational Lagrangian depends on the metric g µν and the matter Lagrangian is a function of the conformal metric g i µν defined in (3) . For this purpose, we consider a scalar-tensor theory in the Einstein frame with action
where M P ≡ 1/ √ 8πG is the reduced Planck mass and R is the Ricci scalar, which depicts the geometrical sector of the Universe and, therefore, is defined in terms of g µν . The term L φ stands for the Lagrangian density of the scalar field (associated to dark energy). Finally, L i is the Lagrangian for each of the matter fluids, allowed to depend on ψ i and its derivatives, where ψ i denotes matter fields propagating on geodesics defined by the metrics g i µν .
Throughout this chapter we shall consider that the role of dark energy is played by a tachyon scalar field. This means that we take the tachyonic Lagrangian given in (2) , which may equivalently be written as:
where X = − 1 2 g µν ∂ µ φ∂ ν φ is the kinetic term associated to the tachyon scalar field φ and V (φ) is a general selfcoupling potential. It can immediately be noted that the assumption 1 − 2X ≥ 0 is needed in order to assure that the Lagrangian is real-valued.
Variation of the action in (6) with respect to the metric g µν leads to the Einstein field equations in the Einstein frame
where κ ≡ M −1 P is the scaled gravitational constant, G µν is the Einstein tensor, R µν is the Ricci curvature tensor, both computed from g µν , and T φ µν and T i µν are the energymomentum tensors for the scalar field φ and the matter fluids, defined respectively as
From the expression of the tachyonic Lagrangian density, (7) , and the previous definition we gather that the energy momentum tensor for the tachyon field reads
(10) The Einstein tensor G µν is divergenceless, ∇ µ G µν = 0, and from this relation it follows that
As expected, since the L i terms depend on the field φ (through g i µν ), the energy momentum tensors of dark energy and coupled matter fluids are not separately conserved.
The energy momentum tensor in the Einstein frame, as defined in (9) is related to the one in the Jordan frame as
where − g i / √ −g is the Jacobian of the transformation, defined in terms of the determinants of each metric, related by (5) .
The coupled equation of motion for the scalar field is computed from variation of the action (6) with respect to φ (again recalling that L i depends on φ through g i µν ):
where = g µν ∇ µ ∇ ν is the D'Alembertian operator and
is the interaction term associated to the i th coupled fluid, where T i ≡ g αβ T αβ i is the trace of the energy momentum tensor T µν i . Even though the energy momentum tensor for each fluid is not independently conserved, according to (10) , (11) and (13) , we find the conservation relations:
and
III. BACKGROUND COSMOLOGY
For cosmological applications we consider the homogeneous, isotropic, spatially flat FLRW Einstein frame metric defined according to:
where t is the cosmic time and a(t) > 0 is the scale factor which describes the expansion of the Universe (defined in a way such that a(t today ) = 1). We assume energy momentum tensors of a perfect fluid form for each of the i-components:
where ρ i and p i are, respectively, the Einstein frame energy density and pressure for the i th matter fluid and u µ is the fluid's four-velocity for a comoving observer, which, by definition, satisfies u µ u µ = −1.
The energy momentum tensor of the field can also be thought of as having a perfect fluid form:
provided that, and according to (10) , the field's energy density and pressure are written as:
where, analogously, ρ φ and p φ are the energy density and pressure for the field. Directly from (20) we gather that
for the EoS parameter of the field. Note that the assumption 1 − 2X ≥ 0 now translates intoφ 2 ≤ 1. Consequently, the tachyon field presents a very particular type of dynamics in the sense that, regardless of the steepness of the potential, its equation of state parameter always varies between 0, in which case it behaves like a dustlike fluid, and −1, resembling a cosmological constant. Also, this model cannot feature fields with a phantom nature [5] , since that would imply w φ < −1. In order to satisfy the current cosmological constraints pointing to w φ ≈ −1, the kinetic energy of the tachyon scalar field must be practically negligible at late times, i.e.,φ 2 1. We directly conclude that the tachyon energy density evolves according to ρ φ ∝ a −p with 0 ≤ p ≤ 3.
The dynamical equations arising from (13) and (16), together with (18) , yield the coupled equation of motion and the fluid conservation equations:
where an upper dot denotes time derivatives and H(t) ≡ a/a is the Hubble rate, whose dynamical evolution is determined by the Friedmann equations, computed directly from the Einstein field equations, together with (18) and (19) :
For cosmological purposes, we are interested in the Einstein frame dynamics of the scalar field in the presence (27) and (28) . Note that ρm and ρ φ stand for the energy density of the barotropic perfect fluid and the dark energy field, respectively and q stands for a constant,
of radiation and matter. Therefore, we consider a matter sector enclosing effective non-relativistic and relativistic perfect fluids. Note that, in this model, the relativistic fluids are always conformally invariant and, therefore, do not couple to the dark energy fluid. As a first approximation, we ignore the contribution coming from the baryons, due to the stringent constraints from Solar System bounds [89] . This is taken into account in most of the works present in the literature, on the basis of dark matter standing for the majority of the pressureless matter sourcing the RHS of the Einstein equations. Taking this into account, it is possible to rewrite the conservation relations (23) as:ρ
where the subscripts (m) and (r) denote matter and radiation fluids, respectively, and (28) is simply derived from (22) and (15) . Q is the interaction term introduced in (14), for a pressureless matter fluid, i.e., for w i = 0 and C i (φ) ≡ C some arbitrary function of the φ-field, which reads:
This is the term promoting the exchange of energy between the species. From equations (27) and (28) we infer that, whenever Qφ > 0, energy is being transferred from the matter sector to dark energy, whereas when Qφ < 0, it is the dark energy fluid which concedes energy to the matter fields. Finally, the novelty of this work lies in the form of the coupling function Q, as defined in (27) and (28) . Other forms for the coupling considered in the literature are given in Table I , where q stands for a constant, ρ m and ρ φ stand for the energy density of the barotropic perfect fluid and the dark energy field, respectively, C ≡ C(φ)
and f ≡ f (φ). Inspection of Table I leads to the conclusion that the coupling considered in [81] is the one which resembles the most the coupling derived in this work. However we will perform a different (in the sense that we use different dynamical variables to construct the dynamical system) and more complete dynamical study.
IV. DYNAMICAL SYSTEM
In order to study the evolution of the Universe under this model we reduce the above system of equations (22)- (25) and (29) to a set of first order autonomous differential equations. To do so, we introduce the following dimensionless variables, generalising the ones introduced in [51]:
where λ stands for the steepness of the potential function and σ relates the form of the conformal coupling function with the definition of the potential. For what concerns this work we will consider λ and σ to be constants, i.e., the only free parameters of the model. This choice corresponds to a scalar field potential, V , and a conformal coupling function, C, of the form:
where V * is a constant with units of (mass) 4 and V 2 0 ≡ 2/(κλ) is a mass scale associated with the scalar potential. Also, note that for tachyonic dark energy the simplest closed system of autonomous equations is the one characterised by the inverse square potential [51, 53] and not by the exponential potential, in contrast with canonical quintessence [18, 20, 22] (the constant potential with λ = 0 represents the trivial case, leading to a cosmological constant type of behaviour). The particular case of σ = 0, i.e., of a totally uncoupled setting, has been previously studied in, for example, [51] .
Making use of these variables, we can also define the density parameter and the equation of state parameter for each fluid:
From (32)-(34) we rewrite the Friedmann constraint, in terms of the dimensionless variables
which we used to replace z in terms of x, y and r, reducing the dimension of the dynamical system. From (29) and using the definition of the dynamical variables in (30) and (36), the interaction term can be recast into
Taking the expression of the interaction term in (37) and the variables defined in (30), we can write the system of autonomous equations (22)-(25) as
where a prime denotes derivatives with respect to N ≡ ln a and we have used
The effective EoS parameter can be identified as the quantity inside the brackets in (41) such that, using the Friedmann constraint (36),
Being a global parameter, w eff is the quantity that determines whether the universe undergoes a period of accelerated (w eff < −1/3) or decelerated (w eff > −1/3) expansion. For this particular case we require
at present times, in order to guarantee an accelerated expansion of the Universe. The integration of (42), allows us to describe the evolution of the scale factor with time at any given fixed point solution, x f , y f , r f , when the dynamical system is in equilibrium:
with w f eff ≡ w eff x f , y f , r f as defined in (42) . The limit case in which w f eff = −1 reduces the cosmological evolution to a de Sitter exponential expansion with a constant Hubble rate.
A. Phase Space and Invariant Sets
Throughout this study we rely on the fact that 0 ≤ Ω φ ≤ 1, which translates into a non-negative energy density for the matter and radiation fluids, rendering the allowed region for x and y:
This constitutes the physical phase space, i.e., the invariant set which contains all the orbits with physical meaning.
A glance at the system of equations (38)-(40) makes it clear that the dynamical system is invariant under the mappings:
. This implies that, since there is a full symmetry under simultaneous sign exchanges, we need only to analyse the region of the phase space corresponding to non-negative values of y, r and λ. The negative values would lead to the same dynamics under appropriate reflections. Furthermore, we assume H > 0 in order to impose an expanding Universe.
B. Fixed Points and Physical Phase Space
The system of autonomous equations (38)-(40) is fundamentally different for the particular case of σ = 0 and for σ = 0. When σ = 0, there is a singularity present in the system, whenever y = 0, meaning that the flow is not formally defined over that plane. Therefore, each separate case has a different set of fixed points.
The fixed points for this system are obtained by setting the left-hand side (LHS) of the autonomous equations (38)-(40) equal to zero. Moreover, we are interested in performing a stability study, and, whenever possible, we do it through linear stability analysis. However, this is not always the case due to the fact that, when σ = 0, there are non-hyperbolic fixed points and this complication will be addressed further on.
The fixed points for the system (38)- (40) are presented in Table II where, for simplicity, we have defined
Note that Table II is divided into three sections, separated by a double horizontal line. The first one corresponds to the fixed points which are only found for the system with σ = 0, the second one contains fixed points which exist independently of the value of σ and in the last section we present the new fixed point, associated with the interplay between the scalar field and the matter sector when σ = 0. The corresponding values of the density parameter Ω φ , (32) , EoS parameter of the field w φ , (35) , and effective EoS parameter w eff , (42), for each fixed point are also listed. Additionally, we present the range of parameters corresponding to an accelerated expansion state, according to (43) , and the stability character of each fixed point solution.
For the sake of completeness, before introducing the novelties associated with the system with σ = 0, we briefly present the main features of the previously wellstudied system with σ = 0 [51, 53, 83] .
The fixed points for the system (38)- (40) with σ = 0 are listed in the first and second sections of Table II . In this case, all the fixed points are hyperbolic and, therefore, their stability character can be inferred simply through linear stability analysis. Some comments can be stated regarding the existence and stability of the fixed points:
• The matter dominated fixed point (O) represents a matter dominated solution (Ω φ = 0, Ω r = 0), which is consistent with a null effective equation of state, w eff = w m = 0. The scalar field is negligible near this fixed point. It will always be a saddle point, which attracts orbits along the x-axis and repels them towards the y-axis.
• The kinetic with matter fixed points (A ± ), due to the indetermination in equation (32), can represent matter dominated solutions or scalar field dominated solutions, depending on the direction of the trajectories approaching them: for trajectories close to the boundary, x 2 + y 4 = 1, they represent scalar field dominated solutions whereas for trajectories close to the boundary y = 0, they stand for matter dominated solutions. Accordingly, w eff = w m = w φ = 0 and these fixed points are not capable of providing accelerated expansion. They are always saddle points of the system.
• Points (B ± ) stand for kinetic with radiation domination solutions, characterised by Ω r = r 2 = 1 and, consistently, a constant effective equation of state w eff = w r = 1/3. Also, we find w φ = 0, meaning that near these points the scalar field acts as a dust-like fluid. Moreover, they are independent of the choice of the parameters and we find that they are always repellers since all of the eigenvalues are real-valued and positive. Being the only repellers, makes them the only possible past attractors of the system.
• The radiation dominated fixed point (C) is characterised by w eff = 1/3 and w φ = −1, which means that the scalar field (whose contribution, in practical terms, is negligible) freezes and is akin to a cosmological constant. It is always present in the (32), (35) , (45) and (42) . The parameter region corresponding to an accelerated expansion state is evaluated according to (43) . The dynamical stability character is inferred by taking into account the eigenvalues of the matrix M evaluated at each fixed point. The eigenvalues can be found in Appendix B. The form of yD and yS is given in (46) . The parameter λ is defined in (48) . Note that, by construction, we are considering λ > 0.
No Repeller
Stable for σ ≤ λ phase space and is a saddle point. This point is the equivalent on the r ≡ 0 plane to the point (O) on the r ≡ 1 plane.
• The fixed point (D) corresponds to a scalar field dominated solution, since Ω φ = 1 for every parameter value. This fixed point has an explicit dependence on λ, it exists for every constant value of the parameters and it always lies on the boundary x 2 + y 4 = 1. We find that w φ = w eff = λ 2 y 2 D 3 − 1. Whenever λ 4 < 12, it lies inside the area of the phase space where the universe undergoes accelerated expansion [80] . It is the global attractor of the system. Moreover, in the limit λ → 0 it features a cosmological constant-type of behaviour.
The dynamical analysis of this setting is straightforward. Since the evolution of the (uncoupled) r compo- nent is trivial we focus only on the reduced phase space in the x−y plane, which is depicted in Figure 1 for λ = 3. The future attractor is always the fixed point (D), whose presence inside the yellow/shaded region, depicting accelerated expansion, is merely a function of λ. All the orbits of the full phase space are solutions which connect the fixed points (B ± ) or (A ± ) to (D), except for the ones connecting, (B ± ) to (A ± ), (B ± ) or (A ± ) to (O) or (C)), (C) to (O) and (C) or (O) to (D). This model can be applied in order to describe the transition between a matter and a dark energy dominated eras. However, in this framework, the Universe will inevitably become totally dark energy dominated and expand indefinitely. Accordingly, the fixed point solution can reproduce the present observed matter content of the Universe. Therefore, in order to successfully reproduce the observed matter content of the Universe, one has to select specific conditions in such a way that the attractor is not yet reached today and we are living in a transient period of the Universe, already with accelerated expansion. This specific set of conditions leads to the fine tuning problem.
Case of σ = 0
The fixed points for the system (38)-(40) with σ = 0 are listed in the second and third sections of Table II . As stated before, the dynamical system (38)-(40) with σ = 0 is singular for y = 0. Away from the singularity, it is always possible to use the linear approximation in order to infer the stability character of the fixed points. For the points which lay on the y = 0 plane, (A ± ) and (B ± ), more care must be taken.
• The kinetic with radiation domination points (B ± ) are easily regularised because the condition r = 1 fully specifies the asymptotic behaviour at the singular point. Their stability nature can then be studied through the same linear stability tech-niques. The previous analysis still holds, as they are still the only repellers of the system.
• For the case of the kinetic with matter fixed points (A ± ), we find that only for one of them can the indeterminacy be lifted, (A + ) or (A − ), depending on the sign of σ. This point is found to be a saddle, and a repeller on the r ≡ 0 plane, as in the case σ = 0. The behaviour of the flow near the other point has to be studied numerically and will be explained in detail in Section IV C.
• The stability character of the scalar field dominated fixed point (D), the attractor of the uncoupled case, may be altered for non-zero values of σ. We find that for a fixed value of λ, a transcritical bifurcation involving (D) and (S) can occur, changing (D)'s stability nature (see Appendix C for more details). Since, for symmetry reasons, we are only considering the case where λ > 0, the fixed point (D) is stable in the parameter region defined as
with
Otherwise it is a saddle point. This fixed point solution can feature accelerated expansion independently of the value of the coupling parameter σ.
• The new fixed point (S) corresponds to a conformal scaling fixed point, as the cosmological parameters Ω φ , w φ and w eff depend on the values of λ and σ. Due to the restriction in (45) and λ > 0, this point is only present in the phase space when
with λ as defined in (48) . It can provide accelerated expansion whenever σ < −λ and it is stable for (49) . This means that, when its cosmological existence is verified, (S) is the attractor of the system.
By looking at the value of w eff for the fixed point (S) in Table II , one interesting feature is that, for a fixed value of the parameters, we can achieve an accelerating universe by means of this scaling solution. This is of great physical interest since the scaling solution allows for a more natural description of the comparable values in the scalar field and matter energy densities, alleviating the cosmic coincidence problem, as an everlasting expanding solution with Ω φ ≈ 0.7 can now be achieved, independently of the set of initial conditions.
In Figure 2 , we present a depiction of the attractor of the system according to the parameter region. Note that, for every value of the parameters λ and σ there is always one and only one possible attractor of the system. (47) and (49). The regions are separated by a filled black line and are labelled by the critical point that is stable in that region (according to Table II In Figure 3 we plot the phase space for λ = 3 and different values of σ, for r ≡ 0, since the dynamics associated to the r component is trivial. This means that only the late time matter to dark energy transition is illustrated, when the contribution of the relativistic fluids can be neglected. All of the orbits correspond to solutions connecting the fixed points (B ± ) or (A ± ) to either (D) or, when it exists, (S). The only exceptions are the orbits connecting the fixed points (B ± ) to (A ± ) (with x ≡ ±1 and y ≡ 0) and the orbit from (D) to (S). In the limit case where σ = λ, the fixed points (D) and (S) coincide and become the attractor of the system. Table II . The yellow/shaded region corresponds to the region where the Universe undergoes accelerated expansion, as defined in (43) , and λ is defined in (48).
This limit case is portrayed in Figure 3 (c). Note that, for λ > 0 and according to (49) , near the attractor, (D) or (S), it is always true thatφ > 0 (see Table II ). Additionally, the sign of the coupling Q, as defined in (37) , is the same as the sign of σ. This defines the direction of energy exchange in (27) and (28): if σ > 0 the matter fluid is granting energy to the dark energy field and, on the contrary, if σ < 0 it is the DE field which sources the matter sector. This means that, whenever the scaling solution is allowed to exist, near the attractor, energy is always being transferred from the φ-field into the matter component.
C. Dynamics of (A±)
As discussed before, the points (A ± ) are located on the boundary of the phase space, where the flow is not formally well-defined. Indeed, from a mathematical point of view, the system (38)-(40) is singular for σ = 0 and y = 0.
Let us consider σ > 0. The following treatment is analogous for σ ≤ 0, with (A + ) ↔ (A − ). Also, let us take r ≡ 0 (as represented in Figure 4 ), i.e., the dynamics in the x − y plane, since the dynamics associated with the r component is trivial. Note that, for σ = 0, in the x − y plane, the points (A ± ) are repelling nodes, even though they are saddle points of the overall system, given their attracting character over the r component. As we have seen before, the orbit connecting the fixed points (O) and (D) divides the phase space into two invariant sets with past attractors (A − ) or (A + ) (see Figure 1 ).
For any σ = 0, we find that the fixed point (O) disappears and (A + ) becomes a degenerate fixed point, as if (O) had migrated to the position of (A + ), generating a fixed point that combines the two. As a result of this collapse, there is a saddle sector and a repelling node sector associated with the fixed point (A + ). The boundary between the two sectors is only found numerically and is illustrated in Figure 4 for σ = 0.1. The relative size of the sectors is controlled by the value of σ. For σ close to zero, there is a reminiscent effect of the presence of the fixed point (O) and the node sector is dominant (see Figure 4 ). This scenario is very similar to the σ = 0 case, where the phase space is divided into two invariant sets, each with (A + ) or (A − ) as past attractors. Therefore, even though the limit σ → 0 is non-continuous, it corresponds to a smooth transition for almost all of the initial conditions. For increasing values of σ, this effect fades and the saddle sector becomes progressively dominant. In the limit where σ 1, the node sector becomes negli- Two-dimensional reduced phase portrait of the dynamical system given by equations (38) and (39) (see text), for r ≡ 0, λ = 3 and σ = 0.1. The orbits which have (A−) and (A+) as past attractors are coloured in black and gray, respectively. There is clearly a separatrix dividing the two sectors, whose relative size depends on the value of σ. This is a reminiscent effect of the separatrix given by the orbit connecting the fixed points (O) and (D) for the case σ = 0.
gible and (A + ) presents an effective saddle-like behaviour (see Figures 3 (a) and (b)).
Therefore, albeit mathematically singular, the limit σ → 0 is physically regular. In cosmological terms there is still the same possible "choice" of past attractors for different initial conditions, meaning that there are still a certain set of orbits which have (A + )/(A − ) as its past attractor, as was the case for σ = 0. However, the relative size of this set depends on the value of σ.
V. EFFECTIVE POTENTIAL
An immediate consequence of the energy exchange between the fluids is that an interaction term is present in the expression for the energy density of the pressureless coupled fluid. This can be derived by integration of the continuity equation for the matter fluid (27) , with the coupling Q term given by (29) , leading to:
where ρ m,0 and φ 0 are constants, a 0 ≡ 1 is the value of the scale factor today, θ ≡ −σ/λ and the field φ can be expressed in terms of the potential defined in (31) . This can be studied, according to the present observational constraints, in order to restrict the possible values of the parameters λ and σ. It is also possible to define an effective potential associated with the scalar field by rewriting the coupled equation of motion (22) as:
where, for a pressureless matter sector,
with ρ m given in (50) . By doing so, equation (51) resembles the uncoupled equation of motion. Taking the inverse square potential and a power-law conformal coupling function, as described in (31), the collective effect of both the potential associated to the scalar field and the coupling is described by an effective potential of the form:
where V (φ) is the inverse square potential defined in (31) and we have defined
where V eff 0 = V 2 0 /φ 2 0 is a constant of integration with units of (mass) 4 . With this definition, the first term in the RHS of (53) corresponds to the standard inverse square potential whereas the second term accounts for the effect of the coupling. This means that, when coupled to the matter sector, the evolution of the φ field is driven by the properties of the effective potential, which becomes "matter-dependent". Accordingly, the direction of energy exchange depends upon the evolution of the field and the combined sign of σ and λ.
From (54) it is clear that, taking σ → 0, which corresponds to the limit in which the coupling term vanishes, we recover the inverse square potential V (φ). In Figure 5 (left panel) we present an illustration of the composition of the effective potential, constructed from the combination of the inverse square potential and the conformal coupling function.
Motivated by the study of the parameter space with physical interest performed in the previous sections, we take λ > 0, σ < 0 and ρ m,0 ≥ 0. In this case, it is easy to verify that V eff is a function with one minimum value corresponding to
and φ m = 0. Note that we have implicitly assumed that 1 −φ 2 ∼ O(1), as the field approaches the minimum of the potential.
The position of the minimum depends on the scale factor, a, and on the parameters λ, through V 0 , and σ. All the other variables are considered fixed. (53). This qualitative representation is made in logarithmic scales for the specific case where n = 1. Right Panel: Illustration of the effective potential as described in (53) and (54) for different values of σ and constant value of λ = 3 and B = 5 × 10 4 as defined in (56) . Decreasing the absolute value of σ has the effect of shifting the position of the minimum to larger values of φ (in absolute value). The minimum point for each curve is marked with a black dot.
An illustration of the shape of the effective potential for different values of σ and B = 5 × 10 4 is presented in Figure 5 (right panel). It is easy to see that, by decreasing the absolute value of σ the minimum of the potential is shifted to larger values of φ. When σ → 0, the coupling vanishes and the minimum of the potential is shifted to φ → +∞, which is consistent with a potential with no minimum value, as was the case for the uncoupled system. This is a reflection of the fact that the scaling solution is only allowed to exist when the effective potential has global minimum values. Also, consistently, the minimum value of the effective potential, presented in (55) , is only valid when λ > 0 and σ < 0, corresponding to a power-law form for the conformal coupling function (see (31) ). When σ > 0 the conformal coupling function takes the form of an inverse power law, which has no effective minimum.
VI. RESULTS AND COSMOLOGICAL ANALYSIS
Finally, we seek viable cosmologies, i.e., trajectories on the phase space capable of reproducing the expansion history of the Universe: start deep in a radiation dominated era, then enter a matter dominated regime and finally evolve towards the scalar field attractor. The stability conditions for k-essence models can be found in [5] , from where we determine that the tachyonic dark energy model is free from quantum instabilities and superluminal propagation.
The only fixed points depicting radiation and matter dominance in the Universe are fixed points with y = 0. Naturally, this implies that, in this framework, even though a radiation dominated era is always achieved in the past, the transition to a matter dominated epoch can only be successfully achieved if y ≈ 0 at early times. Hence, we find that it is possible to recover past radiation and matter dominated eras, leading to the conformally coupled scenario with (D) or (S) as possible future attractors at late times.
As we have seen from the dynamical analysis of the model, the introduction of the coupling is accompanied by the emergence of a scaling solution that, for a specific value of the parameters, is able to provide accelerated expansion. Indeed, since in this model the relativistic fluids are not coupled to the scalar field, the deviations of the cosmological evolution in relation to the uncoupled case are only evident after radiation domination. Consequently, the radiation-matter equality epoch does not change significantly in the coupled scenario.
For the uncoupled case (σ = 0), viable cosmologies correspond to orbits passing close to
In this context, the evolution of the cosmological parameters is fully described, according to the information provided in Table II and is widely addressed in the literature [23] . The most important trait is definitely the evolution of the energy densities of the fluids. At early times radiation always dominates, followed by a matter dominated era. The late time transition from a matter to a dark energy era occurs naturally in the phase space. Even though it is possible to fit the curves in order to recover the present observed value of Ω φ 0.7 [4] , the Universe will inevitably evolve towards a full dark energy dominated regime.
With the introduction of the coupling (σ = 0), we take the cosmological evolution corresponding to orbits shadowing the transition (B + ) or (B − ) −→ (A + )/(A − ) −→ (D) and/or (S).
In this case, there is a new fixed point which is a scaling solution and can be an attractor for certain regimes. However, for some values of the parameters, this solution presents a spirally attractive nature. This effect is stronger for larger absolute values of σ (and constant λ).
For what concerns the EoS of the tachyon field, as observations indicate that w φ −1 [4] , in this framework, φ must currently be close to zero, requiring either small values of λ or large negative values of σ. For what concerns the effective EoS parameter, at early times it must be close to 1/3 and, as non-relativistic matter becomes the dominant component in the Universe, it evolves towards w eff = 0, before approaching the value at the attractor which, accordingly, must resemble w eff 0.7. We will now consider a few examples on how the scalar field dominated and the conformal scaling fixed points can be used to deliver interesting cosmological scenarios. However, in what follows, we can not neglect the contribution of baryons to the energy density budget, which we ignored as a first approximation. We take this component to be uncoupled to the field, in order to avoid conflicts related to constraints from Solar System bounds.
The scalar field dominated fixed point
Without the coupling, the attractor is always the scalar field dominated fixed point which can provide an accelerated expanding scenario for λ 4 < 12. When the coupling is present, the fixed point (D) is still a possible attractor of the system (given that σ ≥ λ), which can feature accelerated expanding behaviour for the same conditions. The differences in relation to the uncoupled case can be seen in the evolution of the EoS parameter of the field. Initially the field behaves as matter (fixed points (B ± ) and (A ± )), instead of freezing near w φ = −1 (fixed points (C) and (O)), before evolving towards the value at the attractor. This trait is also evident in the evolution of the energy density of the field, which resembles a cosmological constant-like evolution for the uncoupled case but depicts a clear dynamical evolution when the coupling is present. As for the evolution of the relative energy densities, the presence of the coupling manifests itself by a transfer of energy from the matter (DE) into the DE (matter) fluids for σ > 0 (σ < 0).
An example of the scalar field dominated regime is illustrated on the left panels of Figure 6 for λ = 0.1 and σ = 1, in comparison with the σ = 0 case. The evolution of the components (except for the energy density of the field) is similar to the standard ΛCDM model.
Scaling solution
On the other hand, if σ ≤ λ, with the emergence of the scaling fixed point (S), it is possible to have an everlasting Universe with Ω φ 0.7, therefore alleviating the cosmological coincidence problem. In these conditions, an accelerated expanding scenario can only be achieved for large values of σ, as we have seen in Figure 2 . However, if σ is large and only a small fraction of the matter sector is in an uncoupled form (baryons), the spiralling behaviour around the attractor leaves a strong oscillating late time signature on the evolution of the cosmological parameters. We expect that this will inevitably lead to large contributions of the DE field at early times and/or to instabilities in the perturbations. This problem can be eased by considering that most of the matter sector is uncoupled at early times. If we take all the uncoupled matter to be in the form of baryons, the abundance of dark matter must always be subdominant, which suggests difficulties in the formation of structure in galaxies and clusters of galaxies. A possible way to soothe this apparent problem is to consider that most of the dark matter is also uncoupled and only a small fraction interacts with the scalar field (see for example [90] [91] [92] ). This scenario is depicted in the right panels of Figure 6 , where the cosmic coincidence problem is alleviated by having Ω φ 0.7 at the scaling solution and most of the dark matter component coupled to the field. The scaling solution is almost reached at the present, apart from the presence of the baryons in the uncoupled source.
Taking into account the value of Ω φ in Table II , an approximate empirical relation for σ can be estimated for a specific value of λ and given values of Ω φ , Ω mu and Ω mc at the present:
valid in the limit where λ and σ are far larger than unity and where we have written Ω φ − 1 as Ω mc /(Ω mc + Ω φ ). Given the effective scalar field potential considered in Section V, it is possible to distinguish between two characteristic cosmic evolutions of the system. The left panel of Figure 5 shows that the effective potential is not symmetric in φ and furthermore, it is a clear composition of the effect of the coupling function and the scalar field potential. Therefore, if the initial condition for φ is given such that the field is rolling down the effective potential through the branch where the scalar field potential is dominant (left side of the effective potential in the left panel of Figure 5 ), the evolution of the system will resemble the uncoupled regime at early times (characterised by the uncoupled fixed points in Table II) , before evolving towards the scaling solution, corresponding to the field oscillating in the minimum of the effective potential. One example of such an evolution is depicted in the left panels of Figure 7 , with λ = 10 and the value of σ given by (57) . Note how the energy density of the coupled matter species is negligible at early times, when compared to the other components. Analogously, the field could be rolling down the effective potential through the branch where the contribution of the coupling function is dominant (right side of the effective potential in the left panel of Figure 5 ), leading to a dynamical evolution of the system such as described in the previous sections (characterised by the coupled fixed points in Table II ). This regime is illustrated in the right panels of Figure 7 , for the same values of λ and σ. In this case the energy , Ω φ,m,r , for the field, total matter (the subscripts mu and mc stand for uncoupled and coupled matter sources) and radiation, respectively, and EoS parameters (bottom), w eff and w φ . The attractor of the system is the scaling fixed point (S) and the coupling is fixed through λ = 10 and σ = −467, according to (57) , with Ω φ 0.7 and Ωmu 0.27 at the present. Left Panels: The initial condition is specified such that the field rolls down the effective potential through the branch where the inverse square potential is dominant, resembling the uncoupled system at early times. Right Panels: The initial condition for φ is such that the field rolls down the effective potential through the branch where the contribution of the coupling function is dominant.
density of the coupled matter species is higher than the energy density of the field at early times, highlighting its important contribution, albeit being subdominant when compared to the uncoupled components. In Figure 7 , we take Ω um 0.27 today. It can be ob-served that the final configuration of the Universe, corresponding to the scaling solution is not yet reached and, consequently, the observed value of Ω φ ≈ 0.7 is only valid at the present. Nonetheless, all of the previous examples concern strong coupling regimes and typically, in frameworks such as standard coupled quintessence and growing neutrino scenarios, this leads to interactions stronger than gravity itself and consequently to instabilities in the perturbations. This is an issue to be addressed in a future publication. In Ref. [15] , we find a discussion regarding the range of values of λ that allow for viable cosmological solutions given that, for the uncoupled case, the only viable latetime attractor is the scalar-field dominated fixed point (D). This solution requires λ 4 < 12 for the accelerated expansion to occur near the fixed point solution, which translates into a constraint on the mass scale of the potential V 2 0 : V 2 0 1.1M pl . The fact that the energy scale of the potential needs to be greater than the Planck mass in order to obtain a significant acceleration can be problematic as General Relativity is expected to break down at this scale. This apparent problem can be alleviated with the presence of the scaling solution (S). When that is the case, accelerated expansion can be achieved for σ < −λ, meaning that the value of λ is completely free and there is only an imposition on the value of σ. Thus, there are no constraints on the mass of the potential and the effect is shifted to the scale of the coupling function.
VII. CONCLUSIONS
In this paper we have analysed a cosmological model, where the role of dark energy is played by a tachyon field φ, coupled to the matter sector by means of a φdependent conformal transformation of the metric tensor. We have considered the simplest known case of an inverse square potential associated with the tachyon field, which corresponds to taking λ, as defined in (30) , to be a constant. This model has already been extensively studied for the case in which there is no coupling. However, this is not the most general case, as there is no fundamental reason to assume that the species should not interact.
We have derived the cosmological equations depicting the evolution of the field and the fluids and performed a detailed dynamical analysis of the system. In (30) we introduced a new quantity, σ, directly proportional to the interaction term, which, for simplicity, we take to be a constant. Consistently, when σ = 0, there is no interaction allowed between the fluids. When σ = 0, we gather that there are six fixed points of the system, as presented in Table II . Most of them are well-known critical points, including one scalar field dominated fixed point, labelled as (D), which is now a stable attractor of the system for σ ≥ λ, as defined in (48) . The introduction of the coupling is associated to the emergence of a new fixed point, labelled as (S), a potentially cosmological viable scaling solution which exists and is a stable attractor for σ ≤ λ and, moreover, can provide accelerated expansion for σ < −λ. It is clear that the fixed points (D) and (S) are related through a transcritical bifurcation in the parameter space. We conclude that there are two poten-tial attractors of the system, characterised by a totally disjoint parameter region, meaning that there is always one and only one late time attractor solution.
Additionally, we have performed a detailed analysis of the cosmological evolution of the tachyonic coupled system in two regimes. First, when the attractor solution is the fixed point (D), a direct comparison with the uncoupled case can be made. The introduction of the coupling manifests itself through a transfer of energy from the matter (DE) into the DE (matter) fluids for σ > 0 (σ < 0) and viable cosmologies correspond to small values of λ, as λ 4 < 12 is needed for accelerated configurations. Secondly, the scenarios where the late time attractor is (S) is of great physical interest, as the scaling solution can be used to alleviate the cosmic coincidence problem, by consideration of an accelerated expanding scenario with Ω φ 0.7 and w eff −0.7 today. From the dynamical analysis performed we gather that, for certain values of the parameters, the spirally attractive nature of the scaling solution leads to oscillations in the energy densities, in which case the model can present problems at the level of the background and, possibly, at the level of the cosmological perturbations. This effect can be soothed with the introduction of an uncoupled matter fluid, dominant at early times, composed by baryons and uncoupled dark matter. We have seen how the different evolutions of the cosmological parameters in this framework can be interpreted by means of an effective potential associated with the scalar field, comprising the effect of the scalar field potential and the coupling function.
The fact that the EoS parameter for the tachyon field always varies between 0 and −1 guarantees that phantom solutions are never present. We find that the cosmological history of the Universe can only be reproduced if y ≈ 0 at early times, since past radiation and matter domination eras are achieved by means of fixed points with y = 0.
In order to further address the question of viable cosmologies we need to dive into perturbation theory. This is work to be carried out in the future in order to restrict this model according to the observational constraints.
Finally, we conclude that the conformally coupled tachyonic system is of great cosmological interest in the sense that it provides a wide variety of physically distinct cosmological evolutions and scenarios. Most importantly, we have found a way of alleviating the cosmic coincidence problem, while keeping the most attractive features associated with the tachyon scalar field.
